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Abstract

The concept of the McPherson number of a simple connected graph G on

n vertices denoted by Y(G), is introduced. The recursive concept, called

the McPherson recursion, is a series of vertex explosions such that on the

first iteration a vertex v € V(G) explodes to arc (directed edges) to all
vertices u € V(G) for which the edge vu ¢ E(G), to obtain the mixed
graph Gj. Now G is considered on the second iteration and a vertex
w e V(G]) = V(G) may explode to arc to all vertices z € V(Gj) if edge
wz ¢ E(G) and arc (w, z) or (z, w)¢ E(G]). The McPherson number
of a simple connected graph G is the minimum number of iterative vertex

explosions say ¢, to obtain the mixed graph G; such that the underlying
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graph of G, denoted G; has G; ~ K,. We determine the McPherson

number for paths, cycles and n-partite graphs. We also determine the
McPherson number of the finite Jaco Graph J,(1), ne N. It is hoped

that this paper will encourage further exploratory research.

1. Introduction

The concept of the McPherson number of a simple connected graph G on n

vertices denoted by Y(G), is introduced. The recursive concept, called the

McPherson recursion, is a series of vertex explosions such that on the first iteration a

vertex v € V(G) explodes to arc (directed edges) to all vertices u € V(G) for which
the edge vu ¢ E(G), to obtain the mixed graph Gj. Now Gj is considered on the
second iteration and a vertex w e V(G|) = V(G) may explode to arc to all vertices
z€ V(G)) if edge wz ¢ E(G) and arc (w, z) or (z, w) & E(G;). The McPherson
number of a simple connected graph G is the minimum number of iterative vertex

explosions say ¢, to obtain the mixed graph G; such that the underlying graph
G, ~ K,. Note that G = G.

It is easy to see that the total number of arcs created is &(K,)— €(G). It is

equally easy to see that Y(K,) =0 and T(K, —uv) (k,) = 1. Itis not that easy

uve E

to see that the sequence of vertex explosions does not generally obey the

commutative law. This will be illustrated by way of an example.

Example 1. Let G be the simple connected graph with V(G) = {v;, v5, v3, v4,

Vs, V6} and E(G) = {V1V2, V1V3, V1V4, V1V5, VoV5, VoVg, V3Vy, V3Vs }

On the first iteration let vertex vg explode to create the arcs (vg, vi), (vg, v3)s
(ve> v4), (vg, vs). On the second iteration let v, € V(G|) explode to create arcs
(va, v3), (vp, v4). Finally, let v4 € V(G5) explode to create arc (vg4, vs). After

validating all permutated sequences of vertex explosions we conclude that, since

three explosions are the minimum needed to ensure that the underlying graph

G5 ~ Kg, it follows that T(G) = 3.
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However, if vertex v; € V(G) explodes first, the arc (vi, vg) is created. If
second, the vertex v3 € V(Gy) explodes the arcs (v3, vo) and (v3, vg) are created.
Followed by the next iteration let v, € V(G;) explode to create arc (v,, v4)
followed by the explosion of vertex vs € V(G3) to create arcs (vs, v4), (vs, vg).

The final vertex explosion is that of vertex v, to create the arc (v4, vg). Now only is

the underlying graph G;k ~ Kg. Since, minimality is defined we see that the

sequence of explosions does not generally obey the commutative law.'

2. McPherson Numbers of Jaco Graphs, Paths, Cycles
and n-Partite Graphs

Before we consider specialised graphs, we will endeavour to find the optimal

algorithm to calculate the McPherson number, Y(G) of a simple connected graph G.
The McPherson recursion described in Lemma 2.2 below is sufficient.
Lemma 2.1. The McPherson number of a simple connected graph G on n

vertices is T(G) < &(K,,) — &(G).

Proof. Consider any complete graph K,, n e N. Without loss of generality let

nbe even and let G = K, — (vjva, v3V4, VsVg, - Vy_1vy,)- Clearly &(K, ) —€(G) =

7 For any vertex v; eligible to explode only one arc, either (v;, v;,1) or (v;, v;_y)
is added. Hence, exactly 3 vertex explosions are required to have G:/Z ~K,.

Therefore, T(G) = = = &(K,,) — €(G). For all other simple connected graphs on n

n
2
vertices, T(G) < €(K,,) — €(G) since vertex explosions are defined to be greedy and
on each iteration always arcs to the maximum number of non-adjacent vertices in G,-*

on the (i + 1) th-iteration. O

'Whilst listening to an amasing djembe drumming group from Ghana on Friday, 10
October 2014, celebrating the 15th anniversary of Klitsgras Drumming Circle, the concept of
McPherson numbers struck Kokkie’s mind. Thank you to them. It reminds us there are

mathematics in music and vice versa.
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Lemma 2.2. The McPherson number of a simple connected graph G on n
vertices is obtained through the McPherson recursion. Let any vertex with degree

equal to 8(G) explode on the first iteration. This is followed by letting any vertex in
the underlying graph Gl* of G| with degree equal to S(Gl*) explode on the second
iteration to obtain G, and, so on. If after exactly { vertex explosions the underlying
graph G; ~ K, then, Y(G) = /.

Proof. Consider any simple connected graph G on n vertices. Apply the

McPherson recursion and assume after exactly ¢ vertex explosions the underlying

graph G}k ~ K, . Label the vertices which exploded consecutively v;, vy, v3, ..., vy.

The total number of edges added in G, (total number of arcs added during the °

vertex explosions) is given by

K,)-¢G)=d" +d” +d”* +o+d” )
e(K,) - &(G) GS(Vl) G{"(V2) GE(V3) G;_I(V/,)

Now, assume that for any vertex v; a vertex v;, d G (v j) >d G (v;)
i1 i1
exploded instead. Then it follows that

t=d” +d* +d* +otdt ++dt
e (1) - (v2) & (v3) 5 () G (vy)

<d* +d* +d* +oetdt, (vi)++dt
Gy () Gt () G3 (v3) iy () iy (v)

=¢e(K,) - €(G).
It means at least one more vertex explosion is needed to finally add the

additional (e(K,)—€(G)) -1t arcs required to obtain G;, ~ K,. The latter is a

contradiction in respect of minimality as defined. Hence the McPherson recursion is
well-defined and Y(G) = /. O

2.1. The McPherson number of Jaco graphs J,(1), ne N

The infinite directed Jaco graph (order 1) was introduced in [3]; and defined by
V(J/,(1)=1{v;lie N}, E(J.(1) c{(v;, vj)li, je N,i< j}and (v;, vj)e E(J (1)
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if and only if 2i —d™~ (v;) 2 j. The graph has four fundamental properties which are;
V(Je(1)) ={v; i € N} and, if v j is the head of an edge (arc) then the tail is always
a vertex v;, i< j and, if v;, for the smallest k € N 1is a tail vertex, then all
vertices vy, k < (< j are tails of arcs to v; and finally, the degree of vertex k is
d(vy) = k. The family of finite directed graphs are those limited to n € N vertices
by lobbing off all vertices (and edges arcing to vertices) v,, ¢ > n. Hence, trivially
we have d(v;) <i for ie N.

Note that the McPherson recursion can naturally be extended to directed graphs.
For the Jaco graph J,(1), ne N, n >3 it easily follows that if the lowest indiced
vertex v; for which the edge v;v, exists is found, then Y(J, (1)) =i — 1. The next

theorem presents a stepwise closed formula for Y(J,,(1)), ne N, n > 3.
Theorem 2.3. Consider the Jaco graph J,(1), ne N, n23. If v; is the
prime Jaconian vertex, we have

=i, if the edge vyv, & E(J,(1)),
(7, (1)

=i—1, otherwise.

Proof. (a) If the edge v;v, exists the largest complete subgraph of J, (1) is
given by H, (1) +v; ~ K, (n—i)+1» [3]. From the definition of a Jaco Graph it follows
that vertices vy, v,, v3, ..., v;_| are non-adjacent to at least vertex v,. So exactly
i—1 vertex explosions are required to obtain J :; (i-1) =~ K,. Hence,

T(J,01)=i-1.

(b) If the edge v;v, ¢ E(J, (1)), then the Hope graph [3], is the largest complete
subgraph of J,(1). From the definition of a Jaco graph it follows that vertices

Vi, V2, V3, .., v; are non-adjacent to at least vertex v,. So exactly i vertex

explosions are required to obtain J, ; ~ K,,. Hence, Y(J,,(1)) = i. O

Table 1 shows the Y-values for J,(1), 3 <n <15. The table can easily be
verified and extended by using the Fisher Algorithm [3]. Note that the Fisher
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Algorithm determines d*(v;) on the assumption that the Jaco Graph is always
sufficiently large, so at least J, (1), n>i+d"(v;). For a smaller graph the degree of
vertex v; is given by d(vi)Jn = d” (v;)+(n—i). In [3] Bettina’s theorem describes
an arguably, closed formula to determine d ™ (v;). Since d~(v;) = n—d*(v;) it is

then easy to determine d(v;), 1) in a smaller graph J,,(1), n <i+d*(v;).

Table 1
ie N |d (v;)|d"(v;)| Prime Jaconian vertex, v; T(J;(1))
3 1 2 V) 1
4 1 3 12 D
5 2 3 V3 2
6 2 4 V3 3
7 3 4 vy 3
8 3 5 Vs 4
9 3 6 Vs 5
10 4 6 Ve 5
11 4 7 vy 6
12 4 8 vy 7
13 5 8 vg 7
14 5 9 vg 8
15 6 9 Vg 8

Conjecture. For a Jaco graph J,(1), ne N, n >3 we have that d*(v,) is

unique (non-repetitive) if and only if Y(J,, (1)) is unique (non-repetitive).
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2.2. McPherson number of paths, P,, ne N
Proposition 2.4. The McPherson number of a path P,, n 23 is given by

T(P,)=n-2.

Proof. Consider any path P,, ne N and label the vertices from left to right,
Vi, Vo, V3, .., V. Clearly, d(v;) = d(v,) = 8(P,). So, without loss of generality let

vertex v; explode on the first iteration. The arcs (vi, v3), (v, v4), (v, v5), ..oy (v, V)
are added. In the graph B, ; we have that d(v,)=d(v,)=2= 8(P,:i 1). Without

loss of generality let vertex v, explode in the second iteration. Now arcs

(va,v4), (v2,V5), ..., (v2, v,) are added. Recursively, all vertices vz, vy, Vs, ..., V,_o

must explode to have P,f’ (n-2) = K,

Clearly the number of explosions are a minimum to ensure P:, (n-2) = K, so

we have, Y(P,) =n—2. O

2.3. McPherson number of cycles, C,,, ne€ N

We begin this subsection with an interesting lemma.

Lemma 2.5. Consider two simple connected graphs G and H with G # H. If

after minimum recursive explosions, say t explosions in respect of vertices v € V(G),

we have that G; ~ H, then Y(G) = T(H) +1.

Proof. Vertex explosions as defined, only add arcs. So the mere fact that after
the minimum ¢ explosions of ¢ vertices of G we have that G, ~ H implies that
Vv(G) = v(H). The definition of the McPherson number is well-defined [see Lemma
2.2], so for all graphs G and H each on n vertices, if G ~ H, then Y(G) = Y(H).

From the McPherson recursion it follows that T(G) = T(G,)+t = Y(H) +t. [J

Proposition 2.6. The McPherson number of a cycle C,,, n = 4 is given by

T(C,)=n-2.
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Proof. Consider any path P, and the cycle C,,. Label the vertices of the path
from left to right, v, v5, v3, .., v, and the vertices of the cycle clockwise,
Vi, V2, V3, ..., V. Without loss of generality, let vertex v; of both the path and the

cycle explode on the first interation. It follows that P,;l has amongst others, the arc

(v{, v,) whilst C,; has amongst others, the edge wyv,. So it follows that

* *

P,

n,1 =~ Cn,l'
Hence, the result Y(P,) = T(P,f’l) +1= T(C:;l) +1=7(C,) holds true.
Therefore, T(C,) = n - 2. O

2.4. McPherson number of n-partite graphs, K (ngsnzyemny)s Mi, Vi € N

We recall that the sequence of vertex explosions do not generally obey the
commutative law. However, n-partite graphs are a class of graphs which does obey

the commutative law. It follows because the vertices of Ky, 4,,...n,)> Mi,vi € N can

be partitioned in ¢ subsets of pairwise non-adjacent vertices. Although we mainly

consider simple connected graphs, we will as a special case consider the following
lemma for the edgeless graph on n vertices which we call the n-Null graph, denoted

X,,. It is important to note that X, = U,,_;imes K1- The importance lies in the fact

that if we determine the McPherson number of Uy;G; the explosion of a vertex

v; € V(Gy) will arc to all vertices v; € V(Gy ), non-adjacent to v; as well as, arc
to all vertices v, € V(G,,) forall m # k.

Lemma 2.7. For any n-Null graph, n € N we have that:

(a) The vertex explosion sequence obeys the commutative law,

(b) The McPherson number is given by T(X,)) =n —1.

Proof. (a) Consider any n-Null graph, ne N. Clearly the n vertices can

randomly be labeled vy, v,, v3, ..., v, in n! ways. Label these n! vertex labelled

n-Null graphs, X, 1), X, 2), X(;,3)s s X, 1)



INTRODUCTION TO THE MCPHERSON NUMBER, Y(G) OF A SIMPLE ..99

Clearly, X, 1) >~ X, 2) ~ N, 3) >+~ K, ,). The different random labelling

represents the random (commutative law) vertex explosions and from Lemma 2.2 it
follows that

TR (1)) = TRy, 2)) = TRy, 3)) = - = TR, 1))

(b) Consider anyone of the n! vertex labelled n-Null graphs say, X, ;. Let
vertex v; explode on the first iteration to add arcs (vi, v5), (v, v3), -.or (V15 vy,)-
Then let vertex v, explode on the second iteration to add arcs (v,, v3), (vo, v4), ...
(v2, v,). Clearly, on the ith-iteration the arcs (v;, v;y1), (v;, viz2), oo (v, v,) are

added. It implies that on the (n — 1) th-iteration the last arc (v v,) is added, to

n—1>
obtain N’(kn i),(n-1) =~ K. Since the number of vertex explosions are a minimum we
conclude that T(X,, ;) =n—1. Following from part (a) we have that T(X,) = n -1
in general. O

Proposition 2.8. For the n-partite graphs, Kny,ny....ny)» Mivi € N we have

that

n; — /.

M-

YKy my,my)) =
i=1

Proof. In the graph G W H we restrict the explosion of vertex, v; € V(G) to
arc to non-adjacent vertices v; € V(G) and the arcing of the explosion of vertex

u; € V(H) to non-adjacent vertices u; € V(H). Clearly
T(GWH)="T(G)+T(H)="T(H)+ YT(G).

Now, label the ny vertices, vy, Vi3, V13, .- V] 5> and label the ny vertices,
V21> V2,25 V2,35 > V2,n, and so on, and finally label the n, vertices,
V15 Ve,25 V1,35 - Vg, oo In the n-partite graph, we have that the edge v; ;v

existsfor 1 <i, j< /¢, 1< j<m, 1<m<n; and i # j. It implies that

Y(K(ny,ny,onny)) = TRy W R, WX, W WX, ).

3
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Now, we have that

TR, WX, UK, WYX, )=T(X,)+T(X,, )+ TR, )+ +7T(X,, )

=(m —D)+(my =D+ (ng =) +---+(n, — 1)
ni—Z. O

We note from the proof above that the McPherson recursion could be relax in

the sense that it applies to each X; but notto K, ). .. »,)» M vi € N as a singular
graph. The commutativity of the & operation allows for the relaxation. It makes the
following generalisation possible.

Corollary 2.9. Consider the simple connected graphs Gy, G,, G, ..., G, and
define the ng -partite graph to be the graph G"G obtained by adding all the edges

vu, ifand only if v e V(G;) and ue€ G;, i # j to Uy;G;. We have that
T(Gyy) = ) X(Gy).
Vi

Proof. Similar to the proof of Proposition 2.8. (|

[Open problem: In the graph G W H we restrict the explosion of vertex

vi € V(G) to arc to non-adjacent vertices v; € V(G) and the arcing of the

explosion of vertex u; € V(H) to non-adjacent vertices u; € V(H). Clearly
Y(GWH)="(G)+Y(H)="T(H)+T(G).
This law is called the W-commutative law of McPherson numbers. It is easy to see
that the W-associative law of McPherson numbers namely,
TYGCWHWM)="(GWH)+T(M)
=T(G)+YT(HwWM)
=T(GWM)+T(H)

is valid as well.
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Alternatively stated,
YGWHWYM)=(T(G)+T(H))+T(M)
=T(G)+ (Y(H)+T(M))
= (Y(G)+Y(M))+Y(H).
If both graphs G and H are graphs on n vertices, we note that
TGWK,)="T(G)+T(K,)="(G)+0="T(G)=0+7T(G)
=T(K,)+ YT(G)=T(K, ¥ G).
If possible, describe the algebraic structure.]

[Open problem. If possible, prove that for a Jaco graph J,(1), ne N, n>3
we have that d*(v,) is unique (non-repetitive) if and only if Y(J,(1)) is unique
(non-repetitive). ]

[Open problem. Define the McPherson graph to be the directed subgraph of
G”I‘(G) which was obtained through vertex explosions. Characterise the McPherson
graph in general if possible, or for some specialised graphs.]

[Open problem. Prove the conjecture that if graph G on n vertices has
dv;)=4d(v i), i# j, for all vertices of G, it is always possible to add a vertex
v,+1 With edges such that G +v,,; has the same graph theoretical structural
properties.]

[Open problem. Example 1 showed that the graph G has Y(G) = 3. The
maximum number of vertex explosions to obtain Gi ~ K was given by
T*(G) = 5. The McPherson discrepancy is defined to be T ;(G) = T*(G) — Y(G).
If T,;(G) =0 the graph G is said to be McPherson stable. It easily follows that K,
C,4 are McPherson stable whilst P,, n = 4 is not. The maximum number of vertex

explosions can be determine by applying the inverse McPherson recursion. The
maximum McPherson number of a simple connected graph G on n vertices is

obtained through the inverse McPherson recursion. Let any vertex with maximum
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degree d(v) < n—2 explode on the first iteration. This is followed by letting any
vertex in the underlying graph G; of G with maximum degree d(u)<n -2
explode on the second iteration to obtain G5 and, so on. If after exactly / * vertex
explosions the underlying graph G;* ~ K,, then Y*(G)=(". Characterise
McPherson stable graphs.]

[Open problem. Platonic graphs are the graphs whose vertices and edges are the
vertices and edges of platonic solids such as the tetrahedron, the octahedron, the
cube, the icosahedron, the dodecahedron and alike, See [2]. Determine the

McPherson number for platonic graphs.]

Open access”. This paper is distributed under the terms of the Creative
Commons Attribution License which permits any use, distribution and reproduction

in any medium, provided the original author(s) and the source are credited.
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